GENERALIZED HILBERT OPERATORS ON WEIGHTED 

BERGMAN SPACES 



JOSE ANGEL PELAEZ AND JOUNI RATTYA 

Abstract. The main purpose of this paper is to study the generalized Hilbert 
operator 

nA.f)i^)= f f{i)g'{tz)dt 

Jo 

acting on the weighted Bergman space A^, where the weight function lj be- 
longs to the class TZ of regular radial weights and satisfies the Muckenhoupt 
type condition 

(t) sup uj{s)ds^ " dt^"' ^^ "^^ ^is)ds^ dt < oo. 

If q = p, the condition on g that characterizes the boundedness (or the com- 
pactness) of Tig : — > A2j depends on p only, but the situation is completely 
different in the case q p in which the inducing weight to plays a crucial role. 
The results obtained also reveal a natural connection to the Muckenhoupt 
type condition (f). Indeed, it is shown that the classical Hilbert operator (the 
case g{z) = log of Hg) is bounded from -^'ji ^j^,) ([0, 1)) (the natural 
restriction of A^ to functions defined on [0, 1)) to A^ if and only if lj satisfies 
the condition (f). On the way to these results decomposition norms for the 
weighted Bergman space A^ are established. 



1. Introduction 

Let 'H(B) denote the space of all analytic functions in the unit disc D of the 
complex plane C. A function w : D — )• (0, oo), integrable over D, is called a weight 
function or simply a weight. It is radial if uj{z) = uj{\z\) for all z G B. For 
< p < oo and a weight uj, the weighted Bergman space consists of those 
f en{B) for which 



ii/ii^p = / i/(^)r 

" Jo 



\ dA{z) < oo, 
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where dA{z) = '^^^^ is the normaUzed Lebesgue area measure on ID. As usual, 
we write for the classical weighted Bergman space induced by the standard 
radial weight oj{z) = (1 — \z\^)°^ with — 1 < a < oo. 

Every g G ^(0) induces the generalized Hilbert operator T-Lg, defined by 

(1) ng{f){z) = f f{t)g'{tz) dt, f e nm. 

Jo 

The sharp condition 

i_ 

1 \ p-i 



(2) J oj{s)dsj dt <oo, p> 1, 

ensures that the integral in (1) defines an analytic function on B for each / G A^. 
The choice g{z) = log in (1) gives an integral representation of the classical 
Hilbert operator H. The Hilbert operator ^ is a prototype of a Hankel operator 
which has attracted a considerable amount of attention during the last years 
in operator theory on spaces of analytic functions. Questions related to the 
boundedness, the operator norm and the spectrum of % have been studied in 
[1, 4, 5, 6]. These studies reveal a natural connection from T-i to the weighted 
composition operators, the Szego projection and the Legendre functions of the 
first kind. For further information on %, the reader is invited to see the recent 
monograph [7, Chapter 13]. 

The primary purpose of this paper is to study the operator T-Lg acting on the 
weighted Bergman space A^ induced by a radial weight u. We are particularly 
interested in basic properties such as the question of when : A£ — > Alj is 
bounded or compact. 

As far as we know, the generalized Hilbert operator T-Lg has not been exten- 
sively studied in the existing literature. The operator was introduced recently 
in [9], where it was shown, among other things, that the membership of the 
analytic symbol g to the mean Lipschitz space A ^p, ^ characterizes the bound- 
edness of Hg on the Bergman space (—1 < p — 2 < a < oo), on the Hardy 
space {1 < p < 2) and also on certain Dirichlet type spaces. The proofs of 
these results are based on the identity {Hg)' (/) = Hg^zf) together with prop- 
erties of the maximum modulus and the smoothness of the sequence of moments 
I lo t^\f{t)\dt'^ of functions in these spaces. 

The approach we take to the study of T-Lg allows us to determine those ana- 
lytic symbols g for which Tig : A^ — t- A^, 1 < p,q < oo, is bounded or compact, 
provided the regular weight u (see Section 2 for the definition) satisfies the Muck- 
enhoupt type condition 



< oo. 



(3) sup uj{s)ds^ " dty" ^^~^'''^^lt ^^^^'^^ 

By the classical results of Muckcnhoupt [15], the condition (3) characterizes those 
real functions v G [0, 1) — )■ (0, oo) for which the Hardy type operator ds 
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is bounded on L^.i , , ^, . We mention that each standard radial weight oj(r) = 
it Hs)\ds 

(1 — r^)", — 1 < p — 2 < a < oo, is regular and satisfies (3). Our results show 
the interesting phenomenon that when the inducing powers of the domain and 
the target spaces are equal, i. e. q = p, then the weight function lo does not 
play any role in the condition on g that characterizes the boundedness (or the 
compactness) of Tig : AZ A^, although the description depends on p. However, 
the situation is completely different in the case q ^ pin which the inducing weight 
u! plays a crucial role. 



2. Preliminaries and main results 
For < p < oo, the Hardy space HP consists of those / G H(B) for which 



where 



and 



HP = lim Mp{r,f ) < oo, 

r->-l- 



Moo(r,/)= max \f{re^% 

Throughout the paper, the letter C = C(-) will denote a constant whose value 
depends on the parameters indicated in the parenthesis, and may change from one 
occurrence to another. We will use the notation a < 6 if there exists C = C(-) > 
such that a < Cb, and a > 6 is understood in an analogous manner. In particular, 
if a < 6 and a >b, then we will write a ^ b. 

The distortion function of a radial weight lo : [0, 1) — )• (0, oo) is defined by 



1 

—— / Lo(s)ds, < r < 1. 

'in Jr 



It was introduced in [20] on the way to the Littlewood-Paley formulas for weighted 
Bergman spaces. A radial weight cj is called regular, if it is continuous and its 
distortion function satisfies 

(4) ^^(r)x(l-r), 0<r<l. 

The class of all regular weights is denoted by TZ. For basic properties and concrete 
examples of regular weights, see [18, Chapter 1] and [20], and references therein. 
At this point we settle to mention that each standard weight uj{r) = (1 — r^)" with 
— 1 < a < oo is regular. From now on we will use the notation u}{r) = oj{s) ds 
so that (4) ensures Lo(r) x uj{r)(l — r) for u gTZ. Moreover, for each radial weight 
Lo we will write a;-y(r) = (1 — r)'^co{r), — oo < 7 < oc, and u G A4p if oj satisfies 
the Muckenhoupt type condition (3). We will write for the norm of an 

operator T : X ^ Y, and if no confusion arises with regards to X and Y, we will 
simply write ||r||. 
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Our study of T-Lg on weighted Bergman spaces leads us to consider other classes 
of weighted spaces. For 0<p<oo,0<(j'<oo,0<7<oo and a radial weight oj, 
the mixed norm space H{p,q,uj^) consists of those g G ^(B) such that 



f\^{r,g){l 
Jo 



ll5llW.,-,)= / M^{r,g){l-r)Mr)dr<<x^. 

Moreover, if in addition — oo < P < oo, we will denote g G H{p,oo, {u^)^), 
whenever 

\\9\\h(p,oo,(Q0),) = ,suP, Mp{r,g){l - ryu}{r)^ < oo- 

^ \ / 1/ 0<r<l 

We will simply write H(p,q,uj) and H{p,(X),uj^) if 7 = 0. It is clear that 
H{p,p,uj) = Afj. The mixed norm spaces play an essential role in the closely 
related question of studying the coefficient multipliers on Hardy and weighted 
Bergman spaces [7]. 

For given l<p<oo, 0<a<l and < /3 < 00, we say that g G H(]D)) 
belongs to A (p, a,a}'^), if 5' G H{p, 00, (tD"''^)i_„), that is, 

„ „ MJr,g')(l-ry-°' , 

Since < a < 1 and < /3 < 00, we have A (p, a,uj^^ C H^, and therefore each 
function g ^ A (p, a,a}'^) has a non-tangential limit g{e'^^) almost everywhere on 
the unit circle T. Indeed, if /3 = 0, then A (p, a, tD'^) is nothing else but the mean 
Lipschitz space A {p, a) that consists of those g G H(]D)) having non-tangential 
limits ^(e*^) almost everywhere and for which 

sup / \g{e'i<>+h^) - g{e'')\P^] =0(0, ^ ^ 0, 

Q<h<t \Jo ^TT/ 

see a classical result of Hardy and Littlewood [8, Theorem 5.4]. 

We will see that if 1 < p < 00 and uj G TZnMp, then Hg : Ali is bounded 

if and only if 5' G A(p, i). The spaces A{p, i) form a nested scale contained in 
BMOA [3]: 

- ) C A (p, - ) C BMOA, l<q<p<oo. 



qj \ P 

The absence of u in the condition on g that characterizes the boundedness does 
not come as a surprise in view of [9, Theorem 3]. However, the situation is 
completely different in the case q ^ p in which the inducing weight uj plays a 
crucial role. In particular, if q > p, then the space A (^q, j^,<^p that can be 
described also by a growth condition on the modulus of continuity of order q of 
g{e'^^) by Proposition 24 below, comes naturally to the picture. 
Our main result on T-Lg reads as follows. 

Theorem 1. Let l< p,q < 00, lo & ^Z{^ Mp and g G ^(D). 
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(i) If 1 < p < q < oo, then T-Lg : A£ — > is bounded if and only if 
g E A ^q,^,u}p~'5^ . Moreover, i/^ € A ^g, i, cDp"?^ , then 



(ii) Ifl<q<p<oo, then Hg : — > A^ is bounded if and only if g' G 
H (Q,s,u)^(^^_iyj, where i-i = i. Moreover, if g' G H (^q, s,u)^^^_i^^ , 



then 



It is easy to see, by using the auxiliary result on Mp, stated as Lemma 7 below, 
that the space A ^g, i, cDp^^^ is not trivial ii uj E TZCi M.p no matter how large 
q is. 

Our approach to the study of the boundcdncss of T-Lg on weighted Bergman 
spaces arises the Muckenhoupt type condition (3) in a natural way. In order to 
explain this phenomenon better, we recall that the sublinear Hilbert operator is 
defined by 



We shall see that it behaves like a kind of maximal function for all generalized 
Hilbert operators under the assumptions of Theorem 1. Indeed, we will show 
that 

(5) \\nm\Ai < ii/iu£ + \\friAmf)\nv '^+'^ = ^- 

This together with the sharp inequality 

(6) ^'M^(r,/)a}(r)dr<|||/||^,, 

which can be easily obtained by integrating the known inequality (r, /) dr < 

7rsMp(s, f) [19], lead us to consider the following result of interest of its own. 

Theorem 2. Let 1 < p < oo and cu E TZ such that (2) is satisfied. Then the 

following assertions are equivalent: 

(i) "H : — > Af!j is bounded; 

(ii) T-L : LZ^ ^ Af^ is bounded; 

(iii) u satisfies the Muckenhoupt type condition 



< oo. 



(7) Mp{oj)= sup ( [ Q{t)~^dt^ " ( j {l-t)-PQ{t)dty 

0<r<l \Jr J \Jo J 

Moreover, if lo E A4p, then 

ll'^ll(L£,A£) ^ \\^\\{Ll,AZ) ^-^pM- 

Theorem 2 together with (6) extends [5, Theorem 1] and [9, Theorem 5 (ii)]. 
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Corollary 3. Let 1 < p < oo andu G TZOAip. Then, both the Hilhert operator % 
and the sublinear Hilhert operator % are hounded on . 

We also work partially with radial weights lo for which the quotient is 
not bounded. More precisely, we say that a radial weight co is rapidly increasing, 
if it is continuous and 

lim = oo. 

r^i- 1 — r 

The class of rapidly increasing weights is denoted by I. It is easy to see that 
^£ C A^^ for each w G I and for any (3 > —1, see [18, Section 1.4]. Typical 
examples of rapidly increasing weights are 

\ n=l ^ ^ 

for all 1 < a < oo and iV G N = {1, 2, . . .}. Here, as usual, log„ x = log(log„_i x), 
logi X = log X, exp„ X = exp(exp„_i a:;) and expj^ x = e^. 

The right choice of the norm used is in many cases a key tool for a good un- 
derstanding of how a concrete operator acts in a given space. Here, an P-typc 
norm of the Hardy norms of blocks of the Maclaurin scries, whose size depend on 
the weight u, provides us an effective skill to study the boundedness and com- 
pactness of Hg on weighted Bergman space A^. The size of these blocks reflects 
the growth of the inducing weight oj. We remind the reader that decomposition 
results have been an important tool for the study of a good number of questions 
on spaces of analytic function on B. They have been applied, for example, when 
studying coefficient multipliers [7], Carleson measures [10] and the generalized 
Hilbert operator [9]. The results proved by M. Mateljevic and M. Pavlovic in [14] 
(see also [16]) offer such a decomposition result on A^ when u £ TZ. This because 
a calculation based on [18, Lemma 1.1] says that [14, Theorem 2.1 (b)] works for 
00 eTZ. However, to the best of our knowledge, results in the existing literature do 
not cover the less understood case of the class I of rapidly increasing weights. In- 
deed, only some special cases have been considered in [10, Theorem 6.1]. We will 
develop a technique that allows us to give a unified treatment for both classes TZ 
and I. Theorem 4 below is our main result in that direction. To give the precise 
statement, we need to introduce some notation. To do this, let w G X U 7^ such 
that C(j(r) dr = 1. For each a > and n G N U {0}, let r„ = r„(a;, a) G [0, 1) 
be defined by 

(8) (^{rn)= f'u;{r)dr = ^. 

Clearly, {rn}^=o is an increasing sequence of distinct points on [0, 1) such that 
ro = and r„ ^ 1~, as n ^ oo. For x G [0, oo), let E{x) denote the integer such 
that E{x) <x< E{x) + 1, and set Mn = E (r^) for short. Write 

/ (0) = /u,,a(0) = {fe G N U {0} : A; < Ml} 
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and 

I{n) = I^,a{n) = {k&n:Mn<k< M„+i} 
for all G N. If f{z) = Y1^=q '^n^"' is analytic in D, define the polynomials An'^f 

by 

Ar/('^)= E ^eNu{0}. 

fee-fw,a(n) 

If a = 1, we will simply write AJ;^ instead of A^'^. 

Theorem 4. Let l<p<oo,0<a<oo and uj G lUT?. such that uj{r) dr = 1, 
and let f G H{B). 

(i) If < q < oo, then f G -ff (p, q, uj) if and only if 

oo 

||Ar/ll|,P<oo. 

n=0 

Moreover, 

n=0 

(ii) // < /3 < oo, i/ien / G (p, oo, Q^) if and only if 

sup2-""'3||A-'"/||^^p<oo. 

n 

Moreover, 

ll/ll^(p,oo,cD^)^sup2-""'^||Ar/||//- 

n 

The method of proof that wc use to establish Theorem 4 can be employed to 
characterize certain functions in in terms of the coefficients in their Maclaurin 
series. In fact, we will see that, whenever uj e TZ, a, standard lacunary series 
fi^) = Er=o ^ > c> 1, belongs to Al if and only if 



oo „i 

V|afc|« / r'^'"'+^u;{r) dr <oo. 



k=0 

The same is not true in general if oj is rapidly increasing. However, the assertion 
is valid for a; G I if the Maclaurin series expansion of / has sufficiently large gaps 

depending on u. To give the precise statement, let w be a radial weight. We say 
that / G H{B>) is an uj-lacunary series in B if its Maclaurin series X^^o^'t-^"'' 
satisfies 

^ - >A>1, A;GNU{0}. 



dr 



This is a natural generalization of the classical concept of power series with 
Hadamard gaps, in the sense that, for uj £ TZ, the class of w-lacunary series is 
nothing else but the set of Hadamard gap series. 
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Theorem 5. Let 0<q<oo,0<p<oo and u GlUTZ such that uj{r) dr = 
1, and let f be an u-lacunary series in B. Then the following conditions are 

equivalent: 

(i) / G H{p,q,u); 

oo „i 

(ii) V|afc|« / r'^'"'+^uj{r) dr <oo. 
Moreover, 

oo „i 
k=0 

The remaining part of the paper is organized as follows. In Section 3 we state 
and prove some preliminary results on weights and technical results on series with 
positive coefficients, and prove Theorems 4 and 5. Theorem 2 will be proved in 
Section 4. In Section 5 we will deal with technical background on Hadamard 
products which will be used in the proof of Theorem 1, that is given in Section 6. 
Section 7 is devoted to proving the expected results on the compactness of Hg : 
^ A^. Finally, in Section 8 we will offer natural alternative descriptions of the 
spaces appearing in the statement of Theorem 1 and analyze the Muckenhoupt 
type condition (3) in detail. In particular, we will see that (3) is closely related 
to the value of lim^^i- ^^{r)/{l — r), if it exists. 



3. Decomposition theorems 

This section is instrumental for the rest of the paper. Here we will discuss basic 
properties of the radial weights considered and L^-behavior of power series with 
positive coefficients, and then prove Theorem 4 and other related decomposition 
theorems. We will also prove Theorem 5 and further discuss the w-lacunary series. 



3.1. Preliminaries on weights. We begin with collecting some necessary def- 
initions and results on weights in X U 7?.. The Carleson square S{I) associated 
with an interval 7 C T is the set S{I) = {re^* G B : e^* G 7, 1 - |/| < r < 1}, 
where l^'l denotes the Lebesgue measure of the set E C T. For 1 < p < co, the 
letter p' will denote its conjugate, that is, the number for which ^ + ^ = 1. 

Let 1 < po < oo and ry > — 1. A weight u (not necessarily radial) satisfies 
the Bekolle-Bonami Bp^ir])- condition, denoted by G Bp^irf), if there exists a 
constant C = C{pQ,r],uj) > {) such that 




for every interval 7 C T. For the proof of the next result, see [18, Lemmas 1.2-1.4]. 
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Lemma A. (i) Let uj £ TZ. Then there exist constants a = a{uj) > and 
P = (3{uj) > a such that 

^ ^ oo{t) < cD(r) < ( — ^ ) Q{t), < r < t < 1. 



(ii) Let Lu & I. Then for each P > there exists a constant C = C{P,u) > 
such that 

i^{r)<c(- — uj{t), 0<r<t<l. 

(iii) For each radial weight co and < a < 1, uj{r) = uj{r)~°'co{r) is also a 
weight and ipdiif) = jz^^^ojir) for all < r < 1. 

(iv) IfueXun, then 

/ s^ojis) ds >^oj \ 1 I, xG[1,oo). 

Jo \ xj 

(v) If Lo & TZ, then for each po > 1 there exists % = ri{po,Lo) > —1 such that 
for all r]>7]o, (iq^jpr belongs to -Bp„(f?). 

The next lemma is a restatement of [18, Lemma 2.3]. 

Lemma B. (i) If u eTZ, then there exists 70 = 70 (w) such that 



I 

Jo 



\l-az\^+^ (l-|a|)^+i (l-|a|)^-i 

for all 7 > 70- 
(ii) If CO E I, then 



J 



|l-az|7+i ' ' (1- |a|)7+i' 
for all 7 > 0. 

Lemma 6. Let oj eTZ such that Jq u!{r) dr = 1, and let {r„}^Q be the sequence 
defined by (8) with a = 1. Then there exist constants 72 = 72 (w) > 71 = 71 (w) > 
such that 

< Mn+1 < 2^^Mn, > max | U . 



2')'i 2 



Proof. Using Lemma A(i) and (8), we obtain 



where /3 = (3(oj) is from Lemma A(i). The left hand inequahty of the assertion 
follows by choosing 7i = 2^- The right hand inequality can be proved in an 
analogous manner. □ 

Several useful reformulations of the Muckenhoupt type condition (7) are gath- 
ered to the following lemma. 
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Lemma 7. Let 1 < p < oo and let co be a radial weight, and denote Up(r) = 

^ — i 

(a}(r)(l — r)) p. Then the following conditions are equivalent: 

(i) w G Mp-, 

1 

(ii) cD p-i G 7^; 

(iii) ttp G 7^; 

^ ' S(r) y„ (1-()P 
Proof. (i)<^4>(ii). Observe first that 



_ I oj{r)p-^ ujjt) p-^dt \ Jo (TTTf^F at 

I 1 — r / 1 — r 

and hence a; G Aip if and only if (ii) and (iv) are satisfied. Therefore, to see that 
(i) and (ii) are equivalent, it suffices to show that (ii) implies (iv). To prove this, 
note that 

(9) a}(r)x--^ ; 0<r<l, 

[l'u}{ty—^dt) 

1 

whenever Q p-^ eTZ. Therefore, under the assumption (ii), the condition (iv) is 
equivalent to 

(10) ( Qisy^ds] r ^xl. 

^•^^ ^ -^0 (1-t) (//D(s)-?^ds) 

^ ]_ 

But since Q p-i G TZ, Lemma A(i) shows that there exist a = a{p,oo) > and 
P = (5{p,uj) > such that 

(11) < \ — < hr^ ' o<t<r<L 



.i-v Jlu{syi^ds VI-*, 

Hence the left-hand side of (10) is dominated by 

^ ' Jo (1 - t)i+"(P-i) ~ ' 

and (i)<J4>(ii) follows. Note that the beginning of this part of the proof also 
establishes the implication (i)=^(iv). 
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(ii)<;->(iii). If cD f-i G 7^, then (9) and (11) yield 



, , I u,pyvj ^ yj. I J I p1 3_ 



that is, Up G TZ. The opposite implication (iii)=>(ii) can be proved in a similar 
manner. 

(iv)^(iii). A calculation based on the assumption (iv) shows that F{r) = 
{l — r)K /([ dt is increasing on [0, 1) for if > large enough. By using this 

and (iv) we deduce 

^ 1 

1 — r < — — — X (1 — r) ' ' ' 



<(l-r)^-^ r ^^x(l 

(1 - s) 



and thus Up eTZ. 

Since (i)^(iv) by the first part of the proof, the lemma is now proved. □ 

3.2. LZ behavior of power series with positive coefficients. We begin with 
a technical but useful result. Recall that a function h is called essentially decreas- 
ing if there exists a positive constant C = C{h) such that h[x) < Ch[y) whenever 
y < X. Essentially increasing functions arc defined in an analogous manner. 

Lemma 8. Let u £ X [J TZ such that Jq u!{r)dr = 1. For each a > and 
n G NU {0}, let Vn = r„(a;,a) G [0,1) he defined by (8). Then the following 
assertions hold: 

(i) For each 7 > 0, there exists C = C{a,j,co) > such that 



(12) ??^(r) = 2"Tr^" < CcD(r)-^, < r < 1. 

n=0 

(ii) For each < P <1, there exists C = C{a, P,uj) > such that 

(13) 2-""^ / dr<C r^^"uj(r) dr. 

Jo ^{rr Jo 

(iii) If a = 1 in (8), 1 < p < 00, prj < 1 and a; G 7?. fl M.p, then there exists 
C = C{r],p,uj) > such that 

oj{r) '^ 

n=o (1 - r) 

Proof, (i). We will begin with proving (12) for r = rN, where iV G N. To do this, 
note first that 

N 

97 

n=0 



(14) Mn"^2-"V^" < C < r < 1. 
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by (8). To deal with the remainder of the sum, we apply Lemma A(i)(ii) and (8) 
to find 15 = > and C = C(/3, w) > such that 

l-Tn >c(^^Y' = C2f, n,iGNu{0}. 



This, the inequality log ^>1 — 0<a;<l, and (8) give 



X 

oo 



n=N+l j=l j=l 

= C{P, a, 7, uj) a;(rAr)~ " ■ 

Since f3 = this together with (15) gives (12) for r = r^v, where A?" G N. 

Now, using standard arguments, it implies (12) for any r G (0, 1). 

(ii) . Clearly, 

rr„ 2-"<^/3 f^ri fl 

(16) 2-''°'^ r^"u(r)dr < ^, / r^"Lo(r)dr< r^^"a;(r) dr. 
Jo '^(r-n)^ 7o 7o 

Moreover, Lemma A(iii) yields 

/I o— na/3 

r^"5(r)dr < 2-""'3S(r„)V'2(rn) = -r^^{rn)Mrn) 
(i7j " ^ 1 

= / w(r)dr < C(Aa,a;) /" r^"a;(r)dr. 

~ P Jrn J r„ 

By combining (16) and (17) we obtain (ii). 

(iii) . The proof is similar to that of (i). We will begin with proving (14) for 

1 

r = vn, where iV G N. Since oo G Mp, Lemma 7 yields u) p-i G TZ, that is, 

p-i 

/ ^ \ P _1 

I / UJ p-^{s)ds\ X (1 — r) p u}{r) p, 
so taking r = Vn and bearing in mind Lemma 6 we deduce that the sequence 

r I ] 

< '^p_i > is essentially decreasing. Therefore 
Im„~ J 

(18) 5;M:-^2-^r^ < M;-^2^ 5:2^^-") x ^^^^^ 

n=0 n=0 (1 - rN) " 

Moreover, bearing in mind Lemma 6, the inequality log - >1 — 0<a;<l, 
and the boundedness of the function x^e~^^, s,t > 0, on [0, oo), we obtain 



°° 1-1 °° i_i 

J2 Mn <2-NvJ2M.J^^2-^^e 



M 

-c 



i+N+1 



M, 



N 



n=N+l j=0 
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which together with (18) gives (iii) for r = r^v- FinaUy, by using Lemma 6, (8) 

p-i ^ _i 

and the fact that (1 — r) p a;(r) p is essentially decreasing, we obtain (iii) for 
any rG (0,1). □ 

We now present a result on power series with positive coefficients. This result 
will play a crucial role in the proof of Theorem 4. 

Proposition 9. Let < p,a < oo and oj £ X \J TZ such that J^u){r)dr = 1. 
Let f{r) = Yl'k'=Q^kf^ ' '^here > for all k G N U {0}, and denote tn = 
^k€iu, a(n) '^k- Then there exists a constant C = C{p, a,uj) > such that 

_ oo „i oo 

(19) - J2 2-""*^ < / f{r)Mr) dr<Cj2 2-""*^- 

^ n=0 n=0 

Proof. We will use ideas from the proof of [13, Theorem 6]. The definition (8) 
yields 

'tkr^>'+^ uj{T)dr 



/•I °° [■rr, + 2 ( °° 

/ f{rru;{r)dr>Y, 

n \ 7 r. / J rm-H 



n=0 \k=0 / •'''"+1 

oo 



\ oo oo 



n=0 n=0 

where C = C(j),a,uj) > is a constant. This gives the first inequality in (19). 

To prove the second inequality in (19), let first p > 1 and take < 7 < 
Then Holder's inequality gives 

(00 \ P 00 

n=0 / n=0 

Therefore, by (12) and (13) in Lemma 8 and Lemma A(iv) there exist constants 
Ci = C'i(")7)P)^^) > 0, C2 = C2 (a, 7,^3,0;) > and C3 = C3 (a, 7,^,0;) > such 
that 

„i 00 „i 

/ /(r)J'w(r) dr < V 2-"T(P-i)tP / r^-r]^{r)P-^uj{r) dr 
Jo 

<af 2-*-')«/'-j:^* 

n=o w(r) « 

00 „1 

< C2 / r^"a;(r)dr 



n=0 

00 00 

<C3 5^t^;cD(r„)dr = C3 5^0""" 

n=0 n=0 



14 JOSE ANGEL PELAEZ AND JOUNI RATTYA 

Since 7 = j{a,p), this gives the assertion for 1 < p < 00. The proof of the case 
< p < 1 is similar but easier. □ 

3.3. Decomposition theorems. In this section we will prove Theorem 4 and 
related results as well as discuss their consequences. For g(z) = X^feLo ^ 
H{B) and ni, n2 G N U {0}, we set 

n2-l 
k=ni 

We will use repeatedly the following auxiliary result. 

Lemma 10. Let < p < 00 and ni, 712 G N with ni < n2- If g{z) = Yl'h=o '^k^^ ^ 
^(B), then 

1 



ll'S'ni.ngS'll-f/P ^ ( 1 :Sni,n29 ■ 

\ n2 J 
Lemma 10 can be proved, for example, by using the inequality 

(21) r''^\\Sn,,n29\\Hp < Mp{r,Sn,,n29) < r''^\\Sm,n29\\Hp, < r < 1, 
which follows by [14, Lemma 3.1]. 

Proof of Theorem 4. (i). By the M. Riesz projection theorem and (21), 

°° rrn + 2 

WfUip,,,.) > E II A-'"/|||,, / r^^"+^a;(r) dr 

xEll^n"/lll^. / a;(r)drxE2— ||Ar/|||,.. 
On the other hand, Minkowski's inequality and (21) give 

(22) M,{r,f) < EM^(r, Ar/) <^r^-\\ATf\\m, 

n=0 n=0 

and hence Proposition 9 yields 



„i / 00 \i 00 

Hip,,,.)< Er^1|Ar/||//p a;(r)drxE2— IIAr/lll,.. 

•^0 Vn=0 J n=0 



(ii). Using again the M. Riesz projection theorem and (21) we deduce 

tp{r,f)u{rf>r^;,^ 



sup Mp(r,/)a}(r)'^>rS^+^||Ar/l|Hp2-"«^ nGNU{0}, 



0<r<l 

and hence 

ll/ll/f(p,oo,20>sup2-""^||Ar/k.. 

n 

Conversely, assume that M = sup„ 2~""''^|| A^'^/Hijp < 00. Then (22) and 
Lemma 8(i) yield 

00 00 
Mp{r,f) <J2'^^"\\^n'^f\\HP ^ ME2""^r^" < Mai(r)-^. 

n=0 n=0 
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This finishes the proof. □ 

Now we will present a couple of results which will be strongly used in the proof 
of Theorem 1. We saw in Theorem 4 that the H(p,q,Lo) -norm of / G ^(D) can 
be written in terms of iif^-norms of the polynomials An'"/ if w & I U TZ. The 
next result shows that the same polynomials work also in the case of H{p, q, ojj) 
whenever 7 > and oj e TZ. In both, Corollary 11 and Corollary 12, M„ = 

E ^ii^j, where Vn is defined by (8) with a = 1. 

Corollary 11. Let l<g<oo, 0<p<oo, 0<7<oo, wG??. such that 
/(J oj{r) dr = landge H{B). Then 

•'^ n=0 " 

Proof. The inequality 

-1 ^ 2"" 

Mn 



JO 



Ml{r,g){l - ryu{r) dr > ^ ||A„5||^. 



n=0 

follows by the M. Riesz projection theorem, Lemma 10 and Lemma 6. 

On the other hand, by Lemma A(iii) the weight io^(r) = is regular for 

each (3 G (0, 1) and then (1 — ryujp{r) is also regular. Therefore Lemma A(iv) 
yields 

(23) / r''{l-ryuj^{r)dr- [ r'^{l - ryujp{r) dr < — f r'^uj0{r)dr. 

n n 

By (22), (20), Lemma 8(i), (23) with ^ = J7(p - 1) g (0, 1), (17) and Lemma 6, 
j\p{r,g){l-r)Mr)dr< (f^j'^-'llKgllm^ {l-ryu;{r)dr 

< y 2-"'?(f-i)||A-5||^, / — ^^i!l-(l - r)>^" dr 
II ny\\m a}(r)'?(p-i) ^ ' 

n=0 M„ ^ ' 

00 ^ „1 00 ^ 

SEll^-fll&.Mj / ^."M0*xX:2-'.||a:;,||E, 

n=0 M„ n=0 

and the proof is complete. □ 

The second result generalizes a known characterization of the mean Lipschitz 
space A(p, a), where 1 < p < 00 and < a < 1, see [14, Theorem 2.1-3.1]. We 
say that g G A(p, Q;,tD^), if 

r->i- u[r)P 



16 
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Corollary 12. Let 1 < g,p < oo, 77 G 0, ^ j , a; G TZCiMp such that oj{r) dr 
1 andge H{B). 



(i) 5 G A U i,cD^M if and only if \\A';lg'\\H, < M„ -2'^^ for all n G N. 



Moreover, 



b(0)|+sup- 



i-i 



(ii) g G X{q, ^,0'') if and only if 



WKd'Wm = o \^Mn "2-^^ J , n ^ 00. 

Corollary 12 can be obtained by following the lines of the proof of Theorem 4 (ii) 
together with Lemma 8 (iii). We omit the details. 

Finally, we will give simple proofs of several known results as a by-product of 
Theorem 4. 

Corollary C. Let l< p < 00, < a < 00 and f{z) = YX=Q^kZ^ ^ ^(D). 
(i) IfO<^< 00, then 

1 



/ M«(r,/)(l-rr-idrx|aor + V2 

•^0 n=0 

(ii) If 1/q < P < OG, then 



fe=2" 



HP 



f 

JO 



' M^{r,f) (log {l-r)-Ur 



fe=0 



akz 



1 — r 



HP "=1 



fe=22" 



HP 



Proof, (i) Consider the regular and normalized weight oj{r) = 97(1 — r)'^'^~^. 
Then, by choosing a = q^y in (8) and Theorem 4, the result follows, 
(ii) Take the normalized rapidly increasing weight 



u;{r) = 



g/3-1 



, qP>l. 



'''' (1-0 Ki^)' 

Then, by choosing a = — 1 in (8) and Theorem 4, the result follows. 



□ 



Corollary C(i) is obtained in [14] as a consequence of a more general result. 
Corollary C(ii) is nothing else but [10, Theorem 6.1], the original proof of which 
is more involved and uses the Riesz-Thorin interpolation theorem. 
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3.4. cj-Lacunary series. The main purpose of this section is to stress how dif- 
ferent is a weighted Bergman space AZ, induced by a rapidly increasing weight w, 
from another A^, induced by a regular one. This will be done by using strongly 
the results on power series with positive coefficients obtained in Section 3.2. The 
reader is invited to see [18] for more information on this topic. 

Recall that, for a given radial weight u), f £ ^(B) is said to be an cj-lacunary 
series in B if its Maclaurin series YlT=o ^fe-^"'' satisfies 

(24) ^= H "'^ , >A>1, fcGNU{0}. 

We begin with proving an extension of Theorem 5 that describes the w-lacunary 
series in the mixed norm space H(p, q, oj) in terms of the coefficients in their 
Maclaurin series. 

Theorem 13. Let < q,a < oo, < p < oo and a; G X U 7?. such that 
Jq w(r) dr = 1, and let f be an co-lacunary series in D. Then the following 
conditions are equivalent: 

(i) f e H{p,q,uj); 

< oo; 




k=0 

Moreover, each of the sums in (ii)-(v) is comparable to WfWfffjfg^jy 

Proof. Let / be an oj-lacunary series in B. First, we observe that the chain of 
inequalities 

1 1 

<nk < Uk+s < 

1 - 1 - Tn+l 

is equivalent to 



(25) 



- — = uj (r„) > Lo [ 1 >a; l > oj (r„+i) = , , -.^ 
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by (8) . This together with (24) shows that there are at most log;^ 2° + 2 integers 
Uk in each set /aj,a('^)- Therefore Holder's inequaUty and standard estimates give 

q/2 



n=0 





and thus (ii)<;4>(iii)<S4>(iv). Moreover, by Lemma A(i) (ii) (iv), 



tD ( 1 - — ) li- 
nk J V 2nfe 



] X r r2"'=+ia;(r) dr, 

: + 1 / Jo 



and it follows by (25) that (iii)<;=;>(v). 

By the proof of [18, Lemma 1.2], there exist /3 = P{uj) > and N e N such 
that 



1 ^"l ~\ nk ) 



for all k > N. Therefore / is a standard lacunary series by (24). In fact. 
Lemma A(i) shows that an w-lacunary series for uj £ TZis just a standard lacunary 
series. Consequently, if < p < oo, Zygmund's theorem [21, p. 215] gives 



,■1 / OO \ 2 



Therefore Proposition 9 implies (i)<S4>(ii) and 



oo 




"=0 \nfce-fu,,a(n) 

This completes the proof for Q < p < oo. 

Finally, if / G H{oo,q,u}), then / G H{p,q,uj) for any < p < oo, so by the 
previous argument (i)=^(ii). Reciprocally, assume that (iv) holds. Then, by using 
Proposition 9, we deduce 

„l/oo \<1 oo / \'' 

</ 2]|afc|r«'= a;(r)rdrx^2-" J] \ak\\ < oo. 

"'0 \A:=0 / n=0 \nfee/u.,a(n) / 

This finishes the proof. □ 

Theorem 13 gives an easy way to construct functions in A^. For example, if 
< p < q < oo and u! £ I L) TZ, then Theorem 13, with a = 1, shows that 

/(z) = f;2"/«z^«, m,, = e(-^), 

n=0 



I / oo 

q 

H{oo,q,u}) 
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where r„ is given by (8) with a = 1, belongs to \ A^. 

It is worth noticing that the equivalence (i)<J4>(ii) in Theorem 13 is valid for 
standard lacunary series and lo GlUTZ. However, (i)<;^(iii) is no longer true for 
standard lacunary series if a; G I and q ^ 2. Namely, let us consider the rapidly 
increasing weight 

v^{r) = {l-r)-'(^log^^ \ /?>!. 

If (i) and (iii) were equivalent, then the choice a = P — \ would imply that a 
standard lacunary series f{z) = Yl'^=o ^-nZ^" belongs to A%p if and only if 

oo 2^^ ^ —1 oo 

n=0 jk=22" k=4 

But this is impossible. Namely, ii P > 2 and ak = k~^/P, then we would have 
/ e A^!)fj for q > p, but / ^ A^^ for q < p. A similar reasoning also works for 
1 < /3 < 2. An analogous argument can be used to show that the condition (v) 
does not characterize standard lacunary series in A^ when a; G X and q ^ 2. 

If a; G X, then (24) says, roughly speaking, that the smaller the space A^ is, 
the larger the gaps of an w-lacunary series are. Namely, the condition (iii) in 
Theorem 13 is equivalent to (i) and (ii) when the series ^ a^z'^'' has very large 
gaps depending on u. 

The next result offers a description of w-lacunary series in the mixed norm 
space H{p,oo,u)^). 

Theorem 14. Let < (5 < oo and co G I U TZ such that j^oj{r)dr = 1. Let 
f{z) = Yl'^=o '^kZ^^ be an u-lacunary series in D. Then the following assertions 
are equivalent: 

(i) / G /f(oo,oo,cD^); 

(ii) / G H{p, oo,(jj^) for some < p < oo; 

(iii) The coefficients {a/;} of the Maclaurin series of f satisfy 



(26) \ak\<(^j\'"'u{s)dsj , feGNU{0}. 

Proof. The implication (i)=^>(ii) is trivial. Moreover, as each w-lacunary series 
is a standard lacunary series, / G H{p,oo,u}^) if and only if / G H{2,oo,Q^). 
Therefore Cauchy integral formula and Lemma A(iv) easily give (ii)=^(iii). To 
complete the proof, we will establish (iii)=>(i). If we choose a = ^ in (8), then 
Lemma 8(i) gives 



£2'^|zr"<cD(H)- 



z G 



20 JOSE ANGEL PELAEZ AND JOUNI RATTYA 

SO it suffices to 



prove YlT=i / \0 ~ Bearing in mind Lemma A(i)- 

25(1 — ^ I 

(ii) and arguing as in the proof of Theorem 13, we deduce 



rik ^ . _ r^k 



1 \^ ^ ^ 1 \' 

oo 



'^fce/^^ 1 (n) W (l - M^l,-l ) 



< (log, + 2) J] 



^1 w(r„+i)'^' 

which together with (8) finishes the proof. □ 

Theorem 14 generahzes and improves know results in the existing literature. 
In particular, by taking the regular weight 0'y(r) = log''' and choosing u 
such that ^^([0,1]) • uj{r) = 4>'^{r), we deduce that the lacunary series f{z) = 
^^Qajkz"''=, where ^^^^^ > A > 1, satisfies the Bloch-type condition 

^-('■■/') = o( (i_,)Lg._j_ ). 0<7<oo, 

if and only if 

|afe| = 0((lognfe)-^), feGN. 

4. The role of the sublinear Hilbert operator 
The generalized Hilbert operator 



ng{mz)= C f{t)g\tz)dt 
Jo 



is well defined whenever 



(27) f' \fit)\dt<^. 

Jo 

Further, if f{z) = Yl'^=o^riz"' G 'H(B) satisfies (27), then 'Hg{f) can be written 
in terms of the coefficients of the Maclaurin series of / and g. Namely, g{z) = 
E^=o^'n2"eH(B),then 

ng{f ){z) = £ ((A; + l)6fe+i t^f{t) dt^ z'^ 



k=0 

OD / OO 

A;=0 \ n=0 



k 



GENERALIZED HILBERT OPERATORS ON WEIGHTED BERGMAN SPACES 21 

We begin with noting that condition (2) imphes (27) for any / G In fact, 
by using Holder's inequaHty and (6), we deduce 

\f{t)\dt<(^£\fit)\pQit)dty (^£m-'^dty <\\fr^,. 

The standard radial weight (1 — I^P)" satisfies (2) if and only if— l<a<p — 2. 

Moreover, the function h{z) = (1 — z)~^ (l°S T^) belongs to ^p_2 for all 

1 < p < oo, but [q \h{t) \ dt = oo. Therefore (2) is a natural sharp condition for 
both, the generalized Hilbert operator T-lg and the sublinear Hilbert operator 

' \f{t)\ 



to be well defined. As mentioned in (5), the operator 7i behaves like a maximal 
operator with respect to T-Lg under appropriate hypotheses on u and g. Conse- 
quently, in view of (6), it is natural to study the boundedness of H on both 
and A^. This is the main aim of this section. 

Proof of Theorem 2. (i)=>(iii). This part of the proof uses ideas from [15]. For 

r G [0, 1), set ^t) = S(t)"^X[r,i)(*), so that cl)r G for ah r G [0, 1) by (2). 
Here, as usual, xe stands for the characteristic function of the set E. Then, 
bearing in mind (6), we deduce 



and hence 



(28) J^'Q^s)(j'^^^^dt] ds<j\{tri^- 



-1 dt. 



Since 

this together with (28) implies w G TWp and 

•MpH ^ ll«ll(Lg,A£)- 

This argument also proves (ii)^(iii). 

(iii)^(i). Since w G 7^ by the assumption, a; is comparable to the differentiable 

weight ^ , so, by using [17, Theorem 1.1], we deduce 



ll^p ^l/(0)r+ / \f\z)\^{\-\z\fuj{z)dA{z\ feH{B). 
" Jo 

Now, for any (f) e L^, 
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and so Minkowski's inequality in continuous form yields 



(1-tr) 



2 - 



and hence 

(29) 

where 

and 







- (1 - rfuj{r) dr 



We observe that 

(30) 

can be written as 



{l-try~p 
h{r) < Ml. 



— dt] {1 - rfuj{r)dr. 



(^J^ ^{t)d?jUP{r)dr < ^P{r)VP{r) dr, 



where 



UP{x) 



VP{x) 



(1 -x)P-^D(x), 0<a;<l 

0, x>l 

(1 - xfP-^Ld{x), < a; < 1 

0, X > 1 



and $(i) 



4>{t) 



Since Q is decreasing, 



J^^ UP{s) ds^ ' (^J^ V-P'{s) ds^ ^ 

[\i - sy~^Q{s) ds] " I r ^-^^ 



ds 



is) 
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for all r G [0,1). Now, [15, Theorem 1] shows that (30) holds. Moreover, since 
uj € Mp, by applying [15, Theorem 2] with 

0, X > 1 



and 

F*'(x) = 

we deduce 



tD(x), < x < 1 
0, a; > 1 



Hr) < m dtj dr < M^icomi^^, 

which together with (29) and (30) gives (iii)=^(i) and 

ll^ll(Lg,AS)^-^pH- 

It is clear that the same argument proves (iii)^(ii). □ 

It is worth noticing that the implication (iii)=^(i) (as well as (iii)^(ii)) can also 
be proved by using the theory of BekoUe-Bonami weights. We will only give an 
outline of this argument. It is strongly based on the following essentially known 
result, which follows from Lemma A(v) and [12, Theorem 2.1]. 

Lemma 15. Let 1 < p < oo and u £ TZ. Then there exists rjo = r]o{p,Lo) > —1 
such that for all ry > the dual of can be identified with AP ^, under 

oj~^ {l-\z\)p'v 

the pairing 

(31) {f,g)r, = f /(^)5M(1 - \z\rdAiz). 

Jo 

Reciprocally, the dual of A^ ^, can be identified with A^ under the same 

pairing. 

An alternative proof of (iii)=^(i). Let 770 = %(]?, w) > —1 be that of Lemma 15 

_ v_ , 

and fix ?7 > r]Q. For simplicity, we write Vpi{z) = uj{z) p (1 — [zj)^''. By 
Lemma 15, the dual of A^^, can be identified with under the pairing defined 
by (31). Therefore %: A^ is bounded if and only if 

m{ct>),h),\<U\\r^mK,, <PeLl heAPj^, 

To prove this, let (j) £ and h G Af,^,. By Fubini's theorem, the Cauchy integral 
formula and Holder's inequality, we deduce 



(32) \{ni(t^),hU = 2 



\{t) 





h{rH)r{l - r)"^ dr^ dt 



LP 
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where 

1/^1 \P' , \¥ 

2+ 



I{h)=\^J \h{rH)\r{l - r)'^ dr j D"~(t)fl!tJ . 

A change of variable, the hypotheses oj G Mp, [15, Theorem 1] and (4) give 



1 

"1 / rt \ P' 



Q p {t) dt 



(33) ~i (i Moois,h){l-srds 

< Mi (CO) C MP^it, h){l - tf^+'u-i {t) dt. 
Jo 

Now, it follows from [18, p. 9 (i)] that 

1 i+t , , 

^ Vpis) ds> sf'^u'l^is) ds-{l- t/''+^uj'l^{t). 

Consequently, this together with (33) and (6) yield 
j^^ (^j\h{rH)\r(l - dj^ Q-^{t)dt 

By combining this and (32), the proof is finished. □ 

5. Background on smooth Hadamard products 

If W{z) = J2keJ ^kz'^ is ^ polynomial and f{z) = Ylh=Q ^kZ^ ^ '^W^ then the 
Hadamard product 

{W*f){z) = J2hakz'' 
keJ 

is well defined. Further, if / G H^, then 

{W * /)(e**) = — / W{e'^'-^^)fie'^) dO 



27r.yo 

is the usual convolution. 

If $ : M — )• C is a C°°-function such that its support supp($) is a compact 
subset of (0, oo), we set 

^$ = max |$(s)| + max |$"(s)|, 
and we consider the polynomials 



km 

With this notation we can state the next result on smooth partial sums. 
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Theorem D. Let $ : M ^ C 6e a -function such that supp($) C (0, oo) is 

compact. Then the following assertions hold: 

(i) There exists a constant C > such that 

W^{e'^) < Cmin|A^max|$(s)|,Ari-"»|^|-"^max|$("^)(s) 

for all me NU {0}, N andO<\e\< tt. 

(ii) There exists a constant C > such that 

{W^*f){e'')\<CA^M{\f\){e'') 

for all f £ . Here M denotes the Hardy -Littlewood maximal- operator 

1 fS+h 

M(|/|)(e^^)= sup - / \f{e^')\dt. 

(iii) For each p G (1, oo) there exists a constant C = C(j)) > such that 

\\W^*f\\HP<CAM HP 

for all f eHP. 

(iv) For each p £ (l.oc) and a radial weight oj, there exists a constant C = 
C{p,uj) > such that 

\\W^*f\\AZ<CAMAZ 

for all f e AZ,. 

Theorem D follows from the results and proofs in [16, p. 111-113]. We will also 
need the following lemma whose proof follows from (21) and Lemma A. 

Lemma 16. Let < p < oo, ni,n2 G N with ni < n2 < Cni, a; G X U 7?. and 
genm. Then 

i/p 

\Sni,n29\\AZ 




Sni,n29\\HP- 



The next auxiliary result allows us to prove the maximality of the sublinear 
Hilbert operator H in the study of the boundedness of Hg on weighted Bergman 
spaces. The proof of Lemma 17 is analogous to that of [9, Lemma 7] and is 
therefore omitted. 

Lemma 17. Let 1 < p < oo, oj be a radial weight satisfying (2) and ni,n2 G N 
withni < n2. Letf G A^, g{z) = ZZo^'kZ^ ^ andh{z) = ZZ^Ck (/^ i^/(i)di) 

Then there exists a constant C = C{p) > such that 



^ni ,n2 

h\\HP<Cl t 4 \ f{t)\dt \\Sni,n29\\HP- 
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The next known result can be proved by summing by parts and using the 
M. Riesz projection theorem [9, 11]. 

Lemma E. Let 1 < p < oo and A = {A^j^Q he a monotone sequence of positive 
numbers. Let {\g){z) = Y^kLo '^khz'' , where g{z) = Y^kLo^kZ^. 

(i) // {Afcj^Q is nondecreasing, then there exists a constant C > such that 

C ^ ^ni\\Sni,n29\\HP ^ ||'S'ni,n2'^9'll-ffP ^ C \n2\\Sni,n29\\HP ■ 

(ii) If {Xn}^^Q is nonincreasing, then there exists a constant C > such that 

C ^Xn2\\Sni,n29\\HP < \\Sni,n2^9\\HP < C ^ni\\Sni,n29\\HP ■ 

6. Proof of Theorem 1. 

We may assume without loss of generality that J^u!{r)dr = 1. Throughout 
the proof {r„}^Q is the sequence defined by (8) with a = 1. 

6.1. Sufficiency. Theorem 4, with a = 1, shows that 

oo 

(34) ^E2""ll^n«.(/)lllf'< 

n=0 

for all / G 'H(]D)). Now Lemma 17, Holder's inequality and (6) yield 

iiA^H,(/)ii^, < wm C \f{t)\dt+\\SM,,iHg{f)\\H, 

Jo 

<\9'm [ \f{t)\dt + \\SM„i9'\\H, [ t'^V{t)\dt 

(35) , ^° 

< (b'(o)l + ||Smi,i<?'L,) / \fit)\dt 

Jo 



10 

< I MP,(t,f)Qit)dt\ < 



where the constants of comparison depend on p, q, u and g. 

Let first 1 < p < q < oo and assume that g & A (^q, ^,u}p 9^ , that is, 



1 1 

<3 



M,ir,g')<\\g-gm\ J < r < 1. 

Lemma 17, Lemma 10, the M. Riesz projection theorem and the assumption give 

iia:^^,(/)III,, < ^\^i/(t)|dty ||A-5'||^. 

(36) 

<( / t-^ifmdt^Qd-^Y" "^M^"^^ 



Jo 
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where in the last inequahty the constant of comparison depend on 115—5(0)11^ , 

Let / G JZ- Then (6) yields M^{r,f) < Up{r) = ((1 - r)tD(r))^p . This 
together the fact that «p G 7^ by Lemma 7, and Lemma A(iv) yields 



and thus 



(37) mIiiuj [i - ^) ' £ \m\ dt < ii/ius . 



Let now fco G N to be fixed later. Since q > p, hy using (36), (37), Holder's 
inequality and (6), we deduce 



fco 



^''^ <ii/iiyE2-"(/ t'^imidt) Mill 

n=l / 



< my 



1 \ph) 

\f{t)\dt] Y.'^-^K+l 



/ n=l 



J 



where the constants of comparison depend on p, oj and Ajq. 

Let now 71 be the constant appearing in Lemma 6, and choose fco to be the 
smallest natural number such that > max and 2^=0^1 > 4. Then, by 
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(36), (37) and Lemma 6, we have 



J2 2-\\A-H,{f)\\l 

n=ko+l 



HI 



n=ko+l 



(39) 



1 Y^p 9) Q i-i 

M ^ 



n+1 



n=feo+l 



J=0 



1 2*^071 1 



< wfwy 



00 ^ „1 X p 



On the other hand, the M. Riesz projection theorem and Lemma 10 give 



A" 



1 



HP 



Now, by using Theorem 4 together with Lemma E(ii), we get 



n=0 

oc 



P 

HP 



(40) 



n=0 V^O / 



HP 



So, by combining (34), (35), (38), (39) and (40), we finally deduce 



+ 



q-p 



nif) 



which together with Corollary 3 gives ||Hg(/)|| 49 ^ ||5~fl'(0)ll^ / 1 
This finishes the proof of the sufiiciency in the case 1 < p < q < 00. 



GENERALIZED HILBERT OPERATORS ON WEIGHTED BERGMAN SPACES 29 

Let now 1 < q < p < oo and assume that g' E H ^g, s,tD^^^ j-^^. By (34), 
(35), Lemma 17 and Holder's inequality, we deduce 

(41) 

oo 

II«p(/)IIa£^E2""IIa::w.(/)II^ 



n=0 



< WfW". 



+ J2'^--\\Kngim 



1 

m 



n=l 
oo 



oo / /•! \1 

■ oo / /■! 



1 

m 



< 11/11^. + 



Corollary 11 and the assumption oj eTZ yield 



11 A"n',, 
O-n ll^nff llg' 



n=l 



(42) 



n=l 



IIA'^fl'll'' 



1-3. 

P 



< 



Jo 



1-^ s 



1 — r) V uj(r) dr 



-1 1-^ 

V 



Moreover, by arguing as in the previous case we obtain 



<II/IIV + IIW)IIV^II/IIa- 



which together with (41) and (42) gives 
The proof of the sufficiency is now complete. 



AS + II-' II A^- 



6.2. Test functions. Before passing to the proof of the necessity part of Theo- 
rem 1, we will construct appropriate test functions. If g < p we set up a family 
of functions Qp & A^, depending on g, such that 



lim WQpWap ^ llf'l 



In the case q>p we will use the next result which can be proved by using ideas 
from [9, Lemma 1]. 
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Lemma 18. Let 0<j)— l<7<oo and u G X U 7^. Let E C (0,oo) he a 
hounded set such that dist(£^, 0) > 0. For A'" € N, let ajv = 1 — and consider 
the functions 

V'iv,u,(s)= [A^^+'a;(S(aiv))] M — dt, s > 0, 

•^0 (l-OArt) f 



and 



(43) ¥'iV,a;(s) = TT, S > 0. 

Then the following assertions hold: 

(i) V'Ar,a„<PAr,a, eC~((0,oo)). 

(ii) There exists a constant C = C{E) > such that 

C-^N-'^uj{S{aN)r^ <\ipNM\<CN-'^Lo{S{aN)rK seE, N ^ oo. 

(iii) For each m G N, there exists a constant C = C{m, E) > such that 

\i'ij;l{s)\<CN-'u{S{aN)rK seE, iV G N. 

(iv) For each m G N, there exists a constant C = C{m,E) > such that 

(44) |(^g(s)| <CAra;(5(aAr))^ s e E, N eN. 

Next, we will construct the test functions which will be used in the proof of 
the case q < p. As usual, we write fp{z) = f{pz) for each < p < 1. 

Lemma 19. Let 1 < q < p < oo, oj e TZ Ci Mp and g G H{I])) such that 
g' ^ LI ^q,s,u}^^_^ . Then the functions 

<t>p{r) = (M,{r,g'p){l~rt--^)^\ < p < 1, 

and 
satisfy 

(45) Qp{t) > cf>p{t), < t < 1, 
and 

(46) IIQpll^, x^'(^(t)cD(t)dt<oo. 
Proof Clearly, Qp G ^(B) for all < p < 1. Moreover, 

> /" ML * > 'jg^ j\i - * X < . < 1. 
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This and (6) give 



(47) 



Since co ETZhy the assumption, lj is comparable to the difFerentiable weight , 
and hence n consecutive apphcations of [17, Theorem 1.1] give 

(48) ll/II^P >^El/^^'^(0)r+ / \f^^HzW{l-\z\ru;{z)dA{z), / G ^(15). 



Now 



dt, 



and so Minkowski's inequahty in continuous form yields 



7 1 

'o 



(1 - tre*'^)"+i 
2^ 



dt 



(1-tr) p 



J — dt. 



Choose now n G N such that w — | — > 0. Then 



rr 

Jo (1 



n-i+l 



(1 - try'-p 



J — dt< 
1 1 1 — 



1 r (I 

Jo (1- 

Mq{r,g'p)p-'' / - 
Jo (1 



t)p-i 
' T — dt 

1 i_ 1 



(1 _ trf—p+^ 
dt 



(1 — ir) p p-1 



(1 — r)" p 



Moreover, since a; G Alp, by applying [15, Theorem 2], with 



UPix) 



dix) 



0<x<l 



{l-x)P' 

0, x>l 



and 



cD(x), < X < 1 
0, x>l 
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we deduce 

MP{r, Q('^))(1 - r)''Puj{r) dr 

</>^(r)(l - r)a;(r) dr + ^t) dt)' ^^^^ dr 



<l HI +1 {l-rruir)dr 



< 

< £ <tfp{r)u^{r) dr + £ ^j' ^t) dtj dr 

< f ^{r)Q{r)dr < oo, 

^0 

which together with (48) and (47) gives (46). This finishes the proof. □ 

6.3. Necessity. First we deal with the case 1 < p < q < oo. Let g{z) = 
Ylk^o ^k^^ be the Maclaurin series of g. By Lemma 6 there exists a positive 
constant B2 = B2{uj) such that 

(49) 1 < < S2, n G N. 

Let us consider the functions ipMn,uj and (pM„,uj = — defined in Lemma 18. 
For each n G N, we can find a C°°-function : M ^ C with supp ($m„ ) C 
(^,252), satisfying 

(50) ^M„(s) = <^M„,t.(s), 1 < s < B2, 

and such that, by using part Lemma 18(iv), for each m G N there exists a constant 
C = C{m) > for which 

(51) |$i';^,^(.s)| <CM,a;(5(aMJ)'/^ seR, n G N. 
In particular, by (51) and Lemma 18(ii), we have 

(52) A$^„ = max |^>M„(s)| + max |$'^„(s)| < M^u {S (omJ)'/^ • 
Let us now consider the functions 

(53) /m„(^) = - ^ -jj- i ^, zeB, nGN, 

(Mr'a;(5(aMj)) U " «M„^) - 

where 7 > max{7o,p — 1} and 70 = 7o(w) > is from Lemma B. The A£-norms 
of the functions /m„ are uniformly bounded by Lemma B. Therefore 

SUp\\Hg{fMj\\AZ ~ ll^flll(A£,A£) < °° 
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by the hypothesis. This together with Theorem D(iv) and (52) imphes 
II 

(54) 



33 



On the other hand, bearing in mind the M. Riesz projection theorem, (49), (50), 
(53) and (43), we deduce 

ii<r"*^.(/Mn)ius 



> 



{k + i)bk+i 

Mn<k<M„+i-l 



Mr, 



^ {k + l)bk+l ( f t^fM^it) dt) m„,u 

= \\K9'\\aI, 

which together with (54), Lemma 16, Lemma A and (8) gives 

1 



^ll«.ll(A£,A£)^n^-^2- 



1 



i_ 1 
p 1 



Finally, Corollary 12(i) implies ^gA^q, i,cDp i^ and 



lb -5(0)11 



1 1\ < 11^ 



3 II (^wi^w) 



Let now \ < q < p < co and assume that T-Lg : -> is bounded. Let {(pp} 
and {Qp} be the families of functions considered in Lemma 19. Since each Qp is 
increasing on [0, 1), Lemma 6 gives 

/ t^^Qpit)dt>: [ t^^+'Qp{t)dt, neN. 
Jo Jo 

So, Theorem 4, Lemma E and Lemma 10 imply 

oo 

ii^..(Qp)iiA£^E2""iiA::w.,(gp)iil,. 

71=0 

OO . „i V g 

(55) ^E2"" / ^''"QpWciO ll^^lllf'' 



|2-.(|"**Q,(t)*)V|(l-^,AS,; 
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Since Qp is increasing on [0,1), (45), the M. Riesz projection theorem and 
Lemma 10 yield 



Jo 



n+l 



(56) ^ 



n+l n+l 

So, by combining (55), (56), Corollary 11 and Lemma 19, we obtain 

°° 1 pq 

n=o M^;- 

(^'''^ X / MUr,g'){l-r)^^~^)"u{r)dr 

Jo 

- J^'cl>P{r)Q{r)dr-\\QXAZ- 

Further, (55) yields 

||Hs,(Qp)||^. < C||H,(Q^)||^. , < p < 1, 
where C does not depend on p. This together with (57) gives 

~>||^^||(^£.^£)- iiQpiiv„ ^ \m\z 

so, by letting p — > 1~, we deduce 

This finishes the proof. 

7. Compact and Hilbert-Schmidt operators 

7.1. Compactness. The main objective of this section is to prove the following 
result. 

Theorem 20. Let 1 < p,q < oo, oj e Tin Mp and g G H(]D'). 

(i) If 1 < p < q < oo, then T-Lg : j4£ — >■ is compact if and only if 

(ii) Ifl<q<p<oo, then T-Lg : — >■ is compact if and only it is 
bounded. 
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We will need the following lemma, which can be easily proved by using (2), 
Holder's inequality and (6). 

Lemma 21. Let 1 < p < oo and let u be a radial weight such that (2) is satisfied. 
Let {fj}'j^i be a sequence in such that sup^ = K < oo and fj — t- 0, as 

J — )■ oo, uniformly on compact subsets of B. Then the following assertions hold: 

(i) lim,-^oo/o |/i(i)Mi = 0; 

(ii) Tigifj) — >■ 0, as j — >■ oo, uniformly on compact subsets of D for each 

Next, we remind the reader that for a; G I U 7?., the norm convergence in 
implies the uniform convergence on compact subsets of D by [18, Lemma 2.5]. 
This fact and Lemma 21 are the key tools in the proof of the following result 
whose proof will be omitted. 

Lemma 22. Let 1 < p < oo, < g < oo and w G lUTZ such that (2) is satisfied, 
and let g G ^(D). Then the following conditions are equivalent: 

(i) T-Lg : — >■ AIj is compact; 

(ii) For each sequence in AZ for which 

(58) supII/jIUp =K<oo 

k 

and 

(59) fj — )■ 0, as j — > oo, uniformly on compact subsets of ID), 
we have limj^oo ||'Hg(/j)||^9 =0. 



Proof of Theorem 20. (i). Assume first that Tig : A^, A^ is compact. Let 
{/m„}^o be the family of test functions 

fM„{z) = - -jj- zeB, nGN, 

(^M2^'io{S{aMj)) (1-«M„^) - 

considered in (53). If 7 is large enough. Lemma B ensures that {/m„}5JLo satisfies 
(58). Now the proof of Lemma [18, Lemma 1.1] shows that lim|^|_^]^- = 0, 

if 7 > is again large enough. So, if 7 is fixed appropriately, then 

lim /m„(^) = ^lim / VP 7: = 

uniformly on compact subsets of D. Thus {/Af„}^o satisfies (59). Therefore 
Lemma 22 implies 

(60) lim ||^,(/mJ||a£=0. 
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Next, a careful inspection of the proof of the necessity part of Theorem 1 reveals 
the inequalities 

WKg'Wm < \\ngifMj\\AiMn'--^co (i - ' ' 
<\\ng{fMj\\AzMn'-h-<-^-d, neN. 



1 1_ 

1 



(61) Ml{r,g')<e ^ ^ ^[ r > vo- 



Finally, (60) and Corollary 12(ii) imply g £ \ \q, 

Conversely, let £ > and g ^ \ [q-, « Then there exists ro = ro(£) G 

[0, 1) such that 

ojp [r) 
{l-rf 

Let now be the integer which appears in the proof of the sufficiency part of 
Theorem 1, and choose no > /cqj such that 

(62) 1 - — > ro, n> uq. 

Let {fj} be a sequence of analytic functions in D satisfying (58) and (59). By 
arguing as in the proof of Theorem 1 and bearing in mind that A^g, |,a}p~9^ C 

A (^q, i,a;p^9^j we deduce 



(63) 



no no / /■! \^ 

n=0 " n=0 V^O y 



< 



£\Mt)\dtJ, 



where the constants of comparison depend on g, p, u, K and no- 

On the other hand, an analogous reasoning to that in (36), (61), (62), (37) and 
(58) give 



1 

m 



so bearing in mind that uq > ko, Corollary 3, (58) and following the proof of 
Theorem 1, we get 

oo 

1 1 w 

n=no+l 
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This together with (34), (63) and Lemma 21, imply 

hm P,(/,)||^, < lim (( r\f,{t)\dty + ekA <eK'^. 

Since £ > is arbitrary, Lemma 22 shows that yig : ^4^ — > is compact. 

(ii). By Theorem l(ii) it is enough to show that Hg : AF^^ — t- is compact if 

g' G aifl^ s, Q^^^ 9'*). Let {fj} be a sequence of analytic functions in D satisfying 
(58) and (59). Let e > be given. By the proof of Corollary 11, there exists 
no G N such that 

1-2 



IIA'^n'll* 

^ {'4). 



n=no 



< £ 



for all n > uq. By Holder's inequality, (58) and a reasoning similar to that in the 
proof of Theorem 1, we obtain 



5 

HI 



\J0 J 



< 



< 



n=no 



\^n9 \\H' 



1-2 
P 



On the other hand, (35) and Lemma 17 give 

no-l / ,.1 



n=0 ^-^^ ''^ n=0 



and hence by (34) and Lemma 17 

no-l 



"•0 — i oo / /"I \ 

< E2-"||A-H,(/,-)|||,.+ 5^2-M / t^|/,-(t)|dt ||A-5 

n=0 n=no ^ ° ''^ 



HI 



Finally, since £ > is arbitrary and no G N fixed. Lemma 21 gives 

hm ||H,(/,-)IU. =0, 

which together with Lemma 22 finishes the proof. 



□ 
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7.2. Hilbert-Schmidt operators. In this section we offer a characterization 
of those symbols g for which the operator T-ig is Hilbert-Schmidt on A^, where 
a; G 7^ n M.2- Recall that the classical Dirichlet space consists of those functions 
geH{B) for which 



\\9\\l = m\'+ [ \9'{z)\'dAiz)<oo. 
Jo 



Theorem 23. LetojETln M2 and g G 7{(D). Then Hg is Hilbert-Schmidt on 
A"^ if and only if g eT). 

Proof. Denote 

/•I 

0Jn= r-2'^+^w(r)dr, e„(z) = ^ w G N, 

and consider the basis {en} of A'^. If g{z) = Ylo^ b^z^ G T-L{P), then 
ll-iy ( M|2 _ 1 ^ {k + lf\hk+i\'^Uk 

We claim that 

00 

(64) Y 7 , - n T^' ^ e N. 

So, assuming this for a moment, we deduce 
00 00 00 



ii2 1 (fc + l)^|6fc+ipa;fc 

2a;„ {n + k + if 

n=0 n=0 k=0 ^ ^ 



fc=0 n=0 ^ < J n 



x^(fe + l)|5fc+i|2x 115-5(0)111,, 

fc=0 

which proves the assertion. It remains to prove (64). Clearly, 

00 00 

^^^^ XI T^rrTTmz - ;r 



1 1^1 1 , 

G N. 



(n + A; + l)2a;„ - Wfe ^ (n + A; + 1)2 ^ (A; + l)a;fc^ 

n=fe+l n=K-|-l 

On the other hand, 

(n + fc + l)2w„ - Wfc 4;; (n + + 1)2 (fc + l)a;fc 

Moreover, since a; G A^2) Lemma 7 yields 

(it (1 - r) 



A; G N. 
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which together with Lemma A(i) and (iv) gives 



OO ^ OO -| oo ^ 1 

EL \ i \ ^ 1 / n+l 

{n + k + lfcon - (n + l)2a;„ ^ cD (l - J^^L 

i=k+l n=k+l n=k+l ^ n 



dt 

n=k+l ^ ' ' / II n=fe+l ^ ' ' n=k+l 

dt 1 1 



< 

./i 



'^W (A; + (l - ^) (A: + l)a;fe" 
This combined with (66) and (65) yields (64) and finishes the proof. □ 

8. Further results 

8.1. Descriptions of weighted spaces. In view of [8, Theorem 5.4] it is nat- 
ural to expect that, under appropriate assumptions, the space A(g, a,cD'') could 
be characterized by a weighted g-mean Lipschitz condition. We show that this 
is indeed the case of those spaces to which the containment of the symbol g 
characterizes the boundedness of T-Lg : when 1 < p < q < oo and 

Lo G TlnMp. 

Proposition 24. Let 1< q,p < oo, r] e 0,^^, u e TZn Mp and g G H(ID). The 

the following assertions hold: 

(i) 5 G A (^q, ^,1^^^ if and only if g & H'^ and 

/ |5(e*('+"))-5(e*'')r^ = 0(t?cD''(l - 1)), i ^ 0. 
Jo ^Try 

Moreover, 

^V^'p'"' J o<h<t tpQ''{l - t) 



r2iT jQ \ 1/9 



(ii) g G X{q, ^,(^^) if and only if g ^ H'^ and 



sup / \g{e'^6+h)^-g{e'')\'i^] = o(tpcD''(l - 1)), t ^ 0. 
o<h<t \Jo ^vry 

Proof. The proof of (i) consists of a direct application of [2, Theorem 2.1(i)]. 
First, observe that if G A (^q, , then g G H'^. Now, if we choose 

Q{t) =tpQ'>{l-t), 0<t<l, 
it suffices to show that g satisfies both, the Dini condition 

(67) f^ds<g{t), 0<t<l, 

Jo * 

and the h\-condition 
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By Lemma A(i), we deduce the inequality 



Jo Vw(l-*)y -t^^'Jo l + at]' 

which is equivalent to (67) . Moreover, by using the fact that — —rrr is essentially 

(l-r) P 

increasing (see the proof of Lemma 8(iii)) and again Lemma A(i), we obtain 

^ q{s) , /"i-* cD(r)'' , ^oj(l-t)p Z"^-* dr 
ds= / :r-rdr< 



t Jo {1-rf p ^ P Jo {l-r)ujp "(r) 

Qp{l-t) f^-^ Qp'^^il-t) dr 



U}{1- 


-t)p^H^-p 


w^(l 


- t)Ap-'') 




t'-'p 


cD'?(l 


- 1) g{t) 




- t ' 



-,- dr 

< 



Jo .1 



(l-r) 



l+a 



S 1 ' < t < 1, 



which is 

With the proof of [2, Theorem 2.1] in hand, the second assertion (ii) can be 
proved in an analogous manner with minor modifications. □ 

If we choose u}{r) = (1 — r^)", where —l<p — 2<a< oo, then Theorem l(i) 
and Proposition 24 show that Hg : Aa ^ Aa, q > p, is bounded if and only if g 

belongs to the mean Lipschitz space A (^q, — ■ 

With respect to the condition that characterizes the bounded operators Hg : 
AZ ^ A^, when 1 < q < p < oo and co eTZCi Mp, it is worth noticing that 



(69) 



g' eH (^q,s,u}^^^_i^^ ^ g&H {q,s,u_^ 



by [17, Theorem 1.1], provided that (1 — r) iuj{r) G Ti. This last requirement 
may happen only li q < p — 1, because 

(l-r) ^i^{r) = -^ 



(1 - r)f-i (1 



and is essentially increasing. In particular, the previous argument says 

that (69) does not hold if 1 < p < 2. It is also worth noticing that for the 
standard weight uj{r) = (1 — r)" that belongs to A^p, the equivalence (69) is 



satisfied when p — 2 > a > — 2. 
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8.2. Analysis on the Muckenhoupt type condition. We saw in Theorem 2 
that the Muckenhoupt type condition (3) characterizes the boundedness of both 
the Hilbert operator % and the subhnear Hilbert operator % from to 
whenever uj is regular and satisfies the integral condition (2), and further, that 
the quantity Jv[p[uj) is comparable to the operator norm in both cases. Both 
integral conditions (2) and (3) restrict the behavior of the inducing weight uj in 
their own way and thus also affect to the nature of the spaces Lt^ and as 
well. To understand these conditions better, we compare them to the pointwise 
behavior of the quotient ^u,(r)/(l — r) appearing in the definitions of the regular 
and rapidly increasing weights. 

Lemma 25. Let oj a continuous radial weight and 1 < p < oo. 
(i) // (2) holds and 



lim inf ^ > 



then OJ G M.p. 
(ii) // (2) holds and 



lim 



1- 1 — r J* — 1 ' 

i^uj{r) _ 1 
1 — r p — 1 ' 



then OJ ^ M.p. 
(iii) // there exists r* G (0, 1) such that 

Mi<J_, 

1 — r p — 1 
then (2) does not hold. 

Proof, (i). By the assumption, there exist d > and ro G (0,1) such that 

%^ > d on [ro,l). Therefore the differentiable function hair) = is 
^ ^ (i-r-)a 



increasing on [ro, 1), and hence 



1 

tD(r) < { ^ — ^)'''^(*)' 0<r<t<l. 



It follows that 



/■^ _ 1 _ 1 1 1 _ 1 

/ Q{t) p-''dt<oj{r) P-i(l-r)d(p-i) / (1 - i) d(p-i) x (1 - r)ai(r) p-K 

J r Jr 

Since trivially, 

Lj{t) P-1 dt>{l- r)uj{r) p-i , 



1 



we deduce oj~p^ G TZ, and thus oj G M.p by Lemma 7. 

(ii) . The assertion follows by the Bernouilli-l'Hopital theorem and Lemma 7(i). 

(iii) . The assumption yields 
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and hence 



J io{t) p-^dt>u{r) p-i(l-r) j ^ 



dt 

oo. 



It is worth noticing that there there exists regular weights oj such that hm, ^' 
does not exist. The weight oj, defined by the identity 



□ 

1 — i_ 



' u:{s) ds = 2(1 - r) cos + 16(1 - r) 



gives is a concrete example. 



The bigger the limit lim^_j.x- ^^f^r is (if it exists), the smaller the space is. 
Therefore, in view of Lemma 25, Theorem l(i) says, roughly speaJiing, that the 

Hilbcrt operator Ti is well defined and bounded on for u £ TZ whenever the 
space is small enough. It is known that the weighted Bergman space A£ induced 
by a rapidly increasing weight lo lies closer to the Hardy space than any 
classical weighted Bergman space Aa [18]. Therefore, by the observation above 
and results in [9], it is natural to expect that if w G X (and satisfies some local 
regularity requirement), then Tig is bounded on A^ if and only if g belongs to the 

mean Lipschitz space A ^p, . The proof of Theorem 1 with minor modifications 

show that g G A ^p, is indeed a necessary condition for Tig : A^ — t- A^ to be 
bounded when u; € X. It is also appropriate to mention that the question of 
characterizing the bounded operators Tig on A^ with cj G X is more likely related 
to the open problem of describing those g G H(]D') such that Hg : HP HP is 
bounded in the case 2 < p < oo [9] . 
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